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Abstract. The energy excitation functions of directed flow (v1) and elliptic flow (v2) from Ebeam =
90AMeV to Ecm = 200AGeV are explored within the UrQMD framework and discussed in the context of
the available data. The radial and the elliptic flow of the particles produced in a relativistic heavy-ion colli-
sion are intimately connected to the pressure and its gradients in the early stage of the reaction. Therefore,
these observables should also be sensitive to changes in the equation of state. To prove this connection, the
temporal evolution of the pressure, pressure gradients and elliptic flow are shown. For the flow excitation
functions it is found that, in the energy regime below Ebeam ≤ 10AGeV, the inclusion of nuclear potentials
is necessary to describe the data. Above 40AGeV beam energy, the UrQMD model starts to underestimate
the elliptic flow. Around the same energy the slope of the rapidity spectra of the proton directed flow devel-
ops negative values. This effect is known as the third flow component (“antiflow”) and cannot be reproduced
by the transport model. The difference between the data and the UrQMD model can possibly be explained
by assuming a phase transition from hadron gas to quark–gluon plasma around Elab = 40AGeV. This would
be consistent with the model calculations, indicating a transition from hadronic matter to “string matter” in
this energy range. Thus, we speculate that the missing pressure might be generated by strong interactions in
the early pre-hadronic/partonic phase of central Au+Au (Pb+Pb) collisions already at lower SPS energies.

PACS. 25.75.-q; 25.75.Ld; 25.75.Dw; 25.75.Gz; 24.10.Lx

1 Introduction

It is a major goal of the current and future study of high en-
ergy heavy-ion collisions to create extremely hot and dense
matter with partons as its fundamental components [1].
This new state of matter is called the quark–gluon plasma
(QGP) and is expected to be very similar to the situation
in the early universe. However, due to the complex nature
of the relativistic nucleus–nucleus reactions, the QGP, if
it has been created, escapes direct detection. Therefore, in
order to establish the existence and later on to investigate
the properties of the new state of matter, one must find ob-
servables which allow one to deduce the properties of the
intermediate (QGP) state from the final state hadrons.
The exploration of the transverse collective flow is the

earliest predicted observable to probe heated and com-
pressed nuclear matter. The transverse flow is intimately
connected to the pressure gradients. Therefore, it is sen-
sitive to the equation of state (EoS) and might be used
to search for abnormal matter states and phase transi-
tions [2–4].

a e-mail: petersen@th.physik.uni-frankfurt.de

The intermediate energy regime available at CERN-
SPS or at the future GSI-FAIR facility is often referred
to as the right place to look for a phase transition to the
QGP. Lattice QCD (lQCD) calculations [5, 6] show that
the critical temperature is around 170MeV (for µb = 0)
and the critical energy density is around 1 GeV/fm3. This
value can already be reached at 20–30AGeV beam energy.
At finite baryo-chemical potential, the heated and com-
pressed nuclear matter created at these energies crosses the
phase transition line possibly even on the high µ side of
the critical endpoint. Therefore, it is possible to talk about
a phase transition of first order, here. During such a first
order phase transition the softest point in the equation of
state would be mostly pronounced. For example, the anti-
flow around midrapidity (“third flow component”[7]) and
the collapse of the elliptic flow observable have been de-
clared as a signal for the phase transition [8, 9].

2 The UrQMD model

For our investigation, the ultra-relativistic quantum mo-
lecular dynamics model (UrQMD v2.2) [10, 11] is ap-
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plied to study heavy-ion reactions from Ebeam = 90AMeV
to
√
sNN = 200GeV.The UrQMD model is a relativistic

transport model that employs hadronic and string degrees
of freedom. It takes into account the formation and mul-
tiple scattering of ingoing and newly produced hadrons.
It describes dynamically the generation of pressure in the
hadronic/valence quark compression and expansion phase.
Until now, only hadrons, valence quarks and valence di-
quarks and their interactions are treated explicitly in this
model. Gluonic degrees of freedom are not treated explic-
itly, but are implicitly present in strings. The UrQMD
model reproduces the nucleon–nucleon, meson–nucleon
and meson–meson cross section data in a wide kinematic
range. It allows for a systematic study of the change in
the dynamics from elementary collisions to proton–nucleus
and nucleus–nucleus reactions in a unique way without
change in the parameters. One advantage of the model for
the calculation of the flow observables is the known event
plane.

3 Directed flow

The first coefficient of the Fourier expansion of the azi-
muthal distribution of the emitted particles describes the
directed in-plane flow. The directed flow measures the
total amount of transverse flow. This flow component is
most pronounced in semi-central interactions around tar-
get and projectile rapidities where the spectators are de-
flected away from the beam axis due to a bounce-off from
the compressed and heated matter in the overlap region.
To characterize the amount and the direction of the dir-

ected flow over the energy range from 2–160AGeV one can
extract the slope around midrapidity from the normalized
rapidity distributions usually referred to as the “F” pa-
rameter [12]. Normalized means in this case y/yb where yb
is the beam rapidity. This normalization accounts for the
trivial energy dependence of the slope. The values for the
slope in Fig. 1 have been extracted via a polynomial fit of
the form ax+ bx3 with x= y/yb. At low energies, one ob-
serves that the inclusion of a nuclear potential is needed
to reproduce the data. Here we also show the calculations
with inclusion of a mean field from a hard equation of
state with momentum dependence and medium-modified
nucleon–nucleon cross sections (HMw) [14, 15]. At higher
energies the calculations have been performed in the cas-
cade mode without the additional nuclear potentials.
At SPS energies the data develops even negative values

for the slope aroundmidrapidity [8, 9]. This behaviour can-
not be reproduced within the transport model calculation
in cascade mode. However, ideal hydro calculations have
predicted the appearance of a so-called “third flow com-
ponent” [7] or “antiflow” [16] at finite impact parameters.
In these analyses it was pointed out that this “antiflow”
develops if the matter undergoes a first order phase tran-
sition to the QGP. In contrast, a hadronic EoS without
QGP phase transition did not yield such an exotic “anti-
flow” (negative slope) wiggle in the proton flow v1(y) at low
energies.

Fig. 1. Slope of v1(y) of protons around midrapidity extracted
from normalized (y′ = y/yb) rapidity distributions. The data
are taken from E895 (squares) [12] and NA49 (triangles) [13].
UrQMD calculations with included mean field (HMw) are
depicted with full circles. Open circles depict the UrQMD cal-
culation in the cascade mode

4 Elliptic flow

The second coefficient of the Fourier expansion of the azi-
muthal distribution of the emitted particles (v2) is called
elliptic flow [7, 16–25]. This type of flow is strongest around
central rapidities in semi-peripheral collisions. It is driven
by the anisotropy of the pressure gradients, due to the ge-
ometric anisotropy of the initial overlapping region. There-
fore, it is a valuable tool to gain insight into the expanding
stage of the fire ball. v2 is defined by

v2 ≡ 〈cos[2(φ−ΦRP)]〉 , (1)

with ΦRP being the reaction plane.

4.1 Time evolution

Figures 2 (top) and 3 (top) show the time evolution of the
pressure during a heavy-ion collision. The pressure is calcu-
lated in a central cell using the kinetic definition:

Px,y =
1

V

all∑

particles

p2x,y

E
(2)

and

P =
1

2
(Px+Py) , (3)
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Fig. 2. UrQMD calculation for the time evolution of the pres-
sure; the pressure gradients and elliptic flow for Pb+Pb inter-
actions at Elab = 40 AGeV and mid-central collisions (b= 7 fm)
are shown. Top: the kinetic pressure of the interacting particles
in the x-direction (full line) and in the y-direction (dotted line)
are displayed. Middle: dP/dx (full line), dP/dy (dotted line)
and the difference between these two ,∆P (dashed line), are de-
picted. Bottom: the elliptic flow of pions (squares) and nucleons
(circles) versus time at midrapidity is calculated

Fig. 3. UrQMD calculation for the time evolution of the pres-
sure; the pressure gradients and elliptic flow for Pb+Pb in-
teractions at Elab = 160 AGeV and mid-central collisions (b =
7 fm) are shown. Top: the kinetic pressure in the x-direction
(full line) and in the y-direction (dotted line) are displayed.
Middle: dP/dx (full line), dP/dy (dotted line) and the dif-
ference between these two, ∆P (dashed line), are depicted.
Bottom: the elliptic flow of pions (squares) and nucleons (cir-
cles) versus time at midrapidity is calculated
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with px,y the momentum in the corresponding direction
and V is the volume of the cell. With respect to the symme-
try of the system the central cell is chosen to be a cylinder
with radius r= 3 fm and length h= 3/γCM fm. For the cal-
culation of the pressure only particles which interact are
taken into account. In UrQMD v2.2 the particles which
are produced in string fragmentation get a formation time.
During this time only the leading quarks are allowed to
interact with a reduced cross section. Therefore most of
the particles do not interact until they are “formed” (see
also Sect. 4.2).
The absolute pressure values in the transverse direc-

tions are almost equal. In Figs. 2 (top) and 3 (top) there
can be seen one clear maximum of the pressure which is re-
lated to the collision geometry and corresponds to the time
of the largest overlap of the two nuclei. This maximum is
shifted to earlier times at the higher energy because the
collision process is faster.
Let us now explore the time evolution of the pressure

gradients in connection to the elliptic flow development.
The transverse pressure gradients have been calculated
for the first 10 fm at Elab = 40AGeV (see Fig. 2 (middle))
and the highest SPS energy (see Fig. 3 (middle)). In both
cases one observes large pressure gradients in the very early
stage of the collision. For the lower energy the maximum
is reached around t = 3 fm and for the higher energy it is
shifted to even earlier times. The difference between the
pressure gradients in x- and y-direction is responsible for
the v2 development. As it can be seen in Figs. 2 (bottom)
and 3 (bottom), the temporal evolution of elliptic flow
for nucleons and pions starts exactly after this maximum.
The elliptic flow increases during the first 6 fm/c, until it
reaches almost its final value. After t= 10 fm/c it decreases
a little because of resonance decays. So, elliptic flow builds
up in the early stage of the collision due to the difference of
pressure gradients as it is expected.

4.2 Excitation functions

There are two competing effects which lead to contribu-
tions with different signs to the integrated v2 value. At
low energies or early times there is the so-called “squeeze-
out” effect. The spectator matter blocks the emission in
the impact parameter direction and therefore the flowing
matter is “squeezed”-out perpendicularly to the reaction
plane. This leads to negative elliptic flow values. The
second effect is the so-called in-plane flow. This type of
flow becomes important at higher energies and/or later
times. At higher bombarding energies (Elab ≥ 10AGeV)
the spectators leave the interaction zone quickly. The
remaining hot and dense matter expands almost freely,
where the surface is such that in-plane emission is pre-
ferred. Therefore the elliptic flow receives a positive
contribution.
The excitation function of charged particle elliptic

flow is compared to the data over a wide energy range
(Fig. 4), i.e from Ebeam = 90AMeV to

√
sNN = 200GeV.

The squeeze-out effect at low energies and the change to
in-plane emission at higher energies is nicely observed in

Fig. 4. The calculated energy excitation function of elliptic
flow of charged particles in Au+Au/Pb+Pb collisions in mid-
central collisions (b = 5–9 fm) with |y|< 0.1 (black line). This
curve is compared to the data from different experiments for
mid-central collisions. For E895 [26, 27] and FOPI [28] there is
the elliptic flow of protons and for NA49 [13] it is the elliptic
flow of pions. For E877, CERES [29–31], PHENIX [32], PHO-
BOS [33] and STAR [34] there are data for the charged particle
flow. The dotted line in the low energy regime depicts UrQMD
calculations with the mean field [15]

the excitation function. The symbols indicate the data for
charged particles from different experiments. Note how-
ever, that in the low energy regime there are only experi-
mental data points for protons. For beam energies below
2AGeV most of the charged particles are also protons be-
cause there is not enough energy to produce many new
particles. Going to higher energies the elliptic flow of pi-
ons and charged particles are very similar. The rapidity
cut of |y| < 0.1 has been used for the whole energy range
despite the fact that the data at higher energies is within
|y|< 0.5. This has been done to avoid too much changes
in the parameters and this choice gives reasonable results
over the whole energy range. We have checked that the re-
sults at higher energies are not affected by the choice of this
narrower rapidity window.
At low energies Ebeam ∼ 0.1–6AGeV the squeeze-out

effect, i.e. the elliptic flow out-of-plane, is clearly seen in
the data as well as in the calculations, especially when the
mean field is considered. At such energies, it is well known
that both the mean field and the two-body collisions are
equally important to reproduce quantitatively the experi-
mental results [35–38]. In this paper we adopt a hard equa-
tion of state with a momentum dependence (HMw) which
was updated recently in the UrQMD model [14, 15].
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In the SPS regime the model calculations are quite in
line with the data, especially with the NA49 results. For
a more detailed comparison of directed and elliptic flow
results from UrQMD-2.2 and NA49 data the reader is re-
ferred to [39]. Above Elab = 160AGeV the calculation un-
derestimates the elliptic flow. At the highest RHIC energy
there is about 5% flow in the data while the model calcula-
tion provides only half of this value. This can be explained
by assuming a lack of pressure in the transport model at
these energies.
It is possible that above the energy range about Elab =

40AGeV partonic interactions have to be taken into ac-
count to describe the data as suggested in [40–42]. How
can we analyse this question in the model, since there are
no partonic degrees of freedom explicitly incorporated? In
the current model exists a formation time for hadrons pro-
duced in the string fragmentation. The leading hadrons of
the fragmenting strings contain the valence quarks of the
original excited hadron. These (di-) quark string ends are
allowed to interact during their formation time with a re-
duced cross section defined by the additive quark model.
Other “pre-hadrons” from the fragmenting string are not
allowed to interact before the coalescence of the produced
quarks. Thus, because the unformed hadrons do not inter-
act with others during their formation time, the effective
pressure is reduced and only build up from the density of
the formed hadrons. To illuminate this, we have calculated
the energy density during heavy-ion collisions at different
beam energies. From this, we extract the time correspond-
ing to the maximum value of the total energy density.
Figure 5 shows the fraction of the energy density that is

Fig. 5. Calculated fraction of the energy density in unformed
hadrons with |y|< 0.5 and in a cylindrical volume with trans-
verse radius r = 3 fm and length h= 3/γCM fm as a function of
the beam energy for central Pb+Pb (Au+Au) reactions

deposited in the “unformed hadrons” (εpartonic/(εpartonic+
εhadronic)). That is, all string fragments within their forma-
tion time are dubbed as ‘partonic’. The fraction of εpartonic
starts at zero for low energies and then rises fast to almost
100%. Note that this fraction reaches 90% already around
40AGeV beam energy, similar to the energy region where
a phase transition is expected. As one can see, the energy
density of the formed hadrons (εhadronic) is much smaller
than the total value, therefore the effective pressure of the
formed hadrons alone in the model seems to be too small to
generate enough v2. Thus, this finding supports the inter-
pretation of the need for initial pressure from “pre-QGP”
matter already at low SPS energies.

5 Conclusion

We have studied the energy excitation functions of dir-
ected and elliptic flow within the UrQMD transport ap-
proach and discussed it in the context of the available
data. The slope around midrapidity of the rapidity distri-
butions of proton directed flow becomes negative around
Elab = 40AGeV. This cannot be reproduced by the trans-
port model calculations. The excitation function of ellip-
tic flow shows strong negative flow at low energies – the
“squeeze-out” effect – which can quantitatively only be
reproduced by including a nuclear potential in the calcula-
tion. At high energies we observed an underestimation of
the elliptic flow of charged particles in the present model.
This can possibly be explained by assuming a lack of pres-
sure in the early stage of the collisions at high energies.
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